Abstract. Consider the space of 'long knots' in R 3 K 3,1 . This is the space of knots as studied by V. Vassiliev. Based on work in [5, 9] , it follows that the rational homology of K 3,1 is a free Poisson algebra. A rough, as yet incomplete, 'approximation' for a basis is given. In addition, the mod-p homology of this space is a 'free, restricted Poisson algebra'. The main new results here is that there is p-torsion of all orders in the integer homology K 3,1 .
Introduction
The purpose of this paper is to give homological properties of the classical spaces of smooth 'long' embeddings K 3,1 = Emb(R, R 3 ) and smooth embeddings Emb(S 1 , S 3 ). Some results here also apply to the embedding spaces Emb(S k , S n ), and 'long' embedding spaces K n,k = Emb(R k , R n ), with the main results focused on the 3-dimensional case k = 1, n = 3.
The approach here to these homological problems follows recent work of Hatcher [18] and Budney [5] . The homotopy type of 'most' of the components of Emb(S 1 , S 3 ) and K 3,1 are understood completely in terms of configuration spaces in the plane, Stiefel manifolds and various natural iterated bundle operations. Many of the homological properties of both K 3,1 , and Emb(S 1 , S 3 ) follow from combining this information together with earlier work of Cohen [9] on configuration spaces.
In addition, the space of long knots was shown to be a free C 2 -space in the sense of May, with "generating set" given by the space of prime long knots [5] . One consequence is that the homotopy type of the space of long knots is determined completely by the homotopy type of the prime long knots. Information concerning spaces of prime long knots is combined with bundle theoretic constructions to give a large contribution to the homology groups for spaces of long knots, as well as Emb(S 1 , S 3 ). The structure of a Poisson algebra arises in the work here. An introduction to Poisson algebras is given in [8] , pages 177-182 while some applications are given in [9, 32] . A Poisson algebra A is a graded commutative algebra over Q given by A n in gradation n together with a graded skew symmetric bilinear map {−, −} : A s ⊗ A t → A s+t+1 which satisfies (1) the Jacobi identity {{a, {b, c}} = {{a, b}, c} + (±1){{a, c}, b}, and (2) the Lebniz formula {a · b, c} = a · {b, c} + (±1)b{a, c}.
A standard example of such a Poisson algebra is given by the rational homology algebra of Ω 2 (X) for X a bouquet of spheres of dimension at least 3 [9] . The mod-p homology of K 3,1 has more detailed structure, and is a 'free restricted Poisson algebra' with additional structure satisfied by free C 2 -spaces [9] . In addition, these homology classes provide invariants of long knots; remarks concerning this point are given below.
There are certain components of Emb(S 1 , S 3 ) whose homotopy types are not yet completely understood which arise from certain 'symmetric' hyperbolic satellite operations: Whitehead doubles and 'borromean' hyperbolic satellite operations are some of the most elementary examples of this. Thus, the homological results given here for K 3,1 , and Emb(S 1 , S 3 )
are not yet in a closed form as they depend on the homology of components of knots given in terms of hyperbolic satellite operations.
These results lead to some natural questions about the structure of the homology of the higher-dimensional embedding spaces (n > 3) recently studied by Sinha [29] , Volic [34] and Lambrechts [21] . Constructions related to these questions are also addressed here.
The main results of the current article are Theorem 1.3 on the structure of the homology of K 3,1 , Proposition 1.4 concerning implications for the space of smooth embeddings of S 1 in S 3 , and Corollary 1.5, a homological characterization of the unknot.
Definition 1.1. K n,j := {f : R j → R n : f is an embedding and f (x 1 , x 2 , · · · , x j ) = (x 1 , x 2 , · · · , x j , 0, · · · , 0) for |x| ≥ 1}. K n,1 is traditionally called the space of long knots in R n , and K n,j the space of long j-knots in R n . Given an element f ∈ K n,j the connected-component of K n,j containing f is denoted K n,j (f ). Two knots are considered equivalent if they are in the same connected component of K n,j (That is the knots are isotopic).
The homotopy type of the space of long knots in R 3 , K 3,1 , was analyzed in work of Hatcher, and Budney [17, 18, 5, 6] . One result of Budney is recorded next [5] . Let X K = {f ∈ K 3,1 : f is prime}, where the word 'prime' is used in the traditional sense of Schubert [28] , that is X K is the union of the connected components of K 3,1 which contain prime knots. Alternatively, a knot can only fail to be prime in only two ways: 1) The unknot is not prime. 2) A connected sum of 2 or more non-trivial knots is not prime. Theorem 1.2. The space K 3,1 is homotopy equivalent to
that is the labelled configuration space of points in the plane with labels in X K ∐ { * }. Furthermore, the following hold:
(1) Each path-component of K 3,1 is a K(π, 1).
(2) The path-components of C 2 (n)× Σn (X K ) n for all n, and thus the path-components of K 3,1 are given by
for certain choices of f 1 , · · · , f n ∈ X K , and Young subgroups Σ f .
The above theorem can be thought of as a generalization of Schubert's Theorem that π 0 K 3,1 is a free commutative monoid on countably-infinite many generators [28] to a space-level theorem about K 3,1 .
In general, K n,1 is a homotopy-associative H-space with multiplication induced by concatenation. Since K 3,1 admits the action of the operad of little 2-cubes, there is an induced map Θ :
together with an operation in homology with any coefficients
which is denoted, up to sign, by λ 1 (α, β) for α in H s (K 3,1 ), and β in H t (K 3,1 ). These operations satisfy the structure of a graded Poisson algebra [9] for which the bracket operation is called the Browder operation.
In what follows below, these bracket operations will be denoted
There is also a product operation
which, together with the bracket operations, gives H * K 3,1 the structure of a graded Poisson algebra.
The next result uses the product operation above as well as the bracket operation {α, β} = λ 1 (α, β), and follows by interweaving the results of 1.2, and [9] . To state these results, additional information given by three functors from graded vector spaces V over a field F are described next with complete details given in section 6:
(1) If the characteristic of F is 0, then the value of the functor on objects V is the symmetric algebra generated by an algebraically 'desuspended' free Lie algebra generated by the suspension of V , and denoted
This last algebra is a free Poisson algebra. (2) If F = Z/2Z, then the value of the functor on objects V is the symmetric algebra generated by an algebraically 'desuspended' free, mod-2 restricted Lie algebra generated by the suspension of V , and denoted
This last algebra is a free restricted Poisson algebra. (3) If F = Z/pZ for odd primes p, then then the value of the functor on objects V is the symmetric algebra generated by an algebraically "desuspended" mod-p free restricted Lie algebra generated by the suspension of V plus an additional summand as described in section 6, and denoted
Theorem 1.3. The homology of K 3,1 satisfies the following properties.
(1) The rational homology of K 3,1 is a free Poisson algebra generated by V = H * (X K ; Q). (2) The homology of K 3,1 with F p coefficients is a free Poisson algebra generated by V = H * (X K ; F p ) as described in [9] . (3) There are isomorphisms of Hopf algebras By Theorem 1.3, there is arbitrarily large p-torsion in the homology of K 3,1 . Examples of knots whose path-components have higher 2-torsion in their integer homology is given next. This higher torsion can be regarded as a 'measure' of the 'complexity' of a knot, or more precisely, the 'depth' of its JSJ-tree.
(1) Let K 3,1 (f ) denote the path-component of a non-trivial torus knot. Thus K 3,1 (f ) has the homotopy type of a circle [18] . (2) Given any space X, and a strictly positive integer q, define
Then E(4, K 3,1 (f )) has the property that H 2 (E(4, K 3,1 (f ))) = Z/2Z, and
) has the homotopy type of a pathcomponent K 3,1 (g) for a long knot g as given in [5] , and has torsion of order 2 s+1 in its integer homology by section 6, and 7 here. In the language of Section 2, g = # 2 s c p/q (# 4 (f )) ie, g is a connected-sum of 2 s copies of the same knot, which is a p/q-cable of a connected sum of four copies of the same torus knot.
where h is a hyperbolic satellite knot with H 1 (K 3,1 (h))) = Z/2Z ⊕ A for some abelian group A. Such knots can be shown to exist -for example the Whitehead double of a trefoil knot. A more complete description of the homology of K 3,1 is given in sections 6, and 7. The homology of each path-component is given in terms of Theorem 1.3 as well as filtrations of the values of the functors listed in that theorem.
Consider the subspace T K 3,1 of K 3,1 consisting of the union of the components of K 3,1 corresponding to knots which can be obtained from torus knots via iterated the operations: cabling and connected-sum. These are the knots whose complements have JSJ-decompositions built up entirely of Seifert-fibered manifolds. The structure of the homology of the subspace T K 3,1 of K 3,1 is described in section 9. For example, some components of T K 3,1 , K 3,1 (g), have the property that there is p s -torsion for a fixed prime p, and a fixed positive integer s in the integer homology of K 3,1 (g).
A further consequence of Theorem 1.2 is the next result which follows directly, and is proven in section 5. Let Emb * (S 1 , S n ) denote the space of smooth pointed embeddings. 
Thus, there is a bundle
with fibre K n,1 . Furthermore, there is a homeomorphism
for which Emb * (S 1 , S 3 ) denotes the space of smooth pointed embeddings, and the bundle
is the induced bundle with fiber K 3,1 from the bundle
Notice that the homological properties of each path component thus give knot invariants. These invariants are illustrated by the next direct corollary. Corollary 1.5.
( One question which arises here is whether Vassiliev invariants of long knots detect whether the path component of a long knot has non-trivial homology. The methods here in conjunction with T. Kohno's analysis of Vassiliev invariants of braids [19] might be useful in addressing this question.
A classical theorem of R. Thom concerning the classical Steenrod Realization Problem gives that any mod-2 homology class for a space of the homotopy type of a CWcomplex is represented by the fundamental cycle of a closed manifold. The next theorem addresses the question of representing mod-2 homology classes for K 3,1 in the classical sense of Steenrod, and Thom. In particular, the mod-2 homology classes for K 3,1 are represented by a restricted family of manifolds which is described next.
Consider manifolds M which represent the mod-2 homology of the spaces K 3,1 (P) for prime knots P. Consider the manifolds obtained by the following constructions.
(1) finite products of M with finite products of circles, (2) the "wreath product construction" S 1 × Z/2Z X 2 for X one of the manifolds listed in 1 above, and (3) finite iterations of the constructions in 1, and 2 above. This last result provides information concerning the unoriented bordism ring of the space of long knots. In addition, the 'group completion' ΩB(K 3,1 ) of K 3,1 exists. Furthermore, there is a natural bundle over the completion ΩB(K 3,1 ) whose Thom space has the property that the mod-2 cohomology is a free module over the mod-2 Steenrod algebra. These remarks are discussed in section 12.
One of the main results here is that the homology of the path-components of K 3,1 is given iteratively in terms of the homology of 'simpler' components in Section 7. There exists torsion of all orders in the homology of K 3,1 . This is shown in section 8 using the results of section 7. The focus of section 8 restricts attention to knots whose JSJdecompositions consist of Seifert Fibred manifolds (ie: knots whose exteriors are graph manifolds). Another way to say this is that the knots that can be obtained from the unknot by iterating cabling and connected-sum operations.
Much recent progress on the structure of spaces of embeddings via finite-dimensional model spaces and approximations. Some of this was first given by Vassiliev [33] and has been the subject of further study via the Goodwillie Calculus of Embeddings [29] [34] [21] , or cohomological techniques such as Bott-Taubes integrals [4, 7] .
The Poisson algebra considered above was first considered on the E 2 -level of the Vassiliev spectral sequence by Tourtchine [32] . Related progress is given in work of Altshuler-Freidel [2] , Bar-Natan [3] , Cattaneo, Cotta-Ramusino-Longoni [7] , Kontsevich [20] , Lescop [22] , Polyak-Viro [27] , as well as others.
This paper takes the path of using Allen Hatcher's techniques for understanding the homotopy type of K 3,1 , one component at a time. The central construction of Hatcher [18] is to consider the components of the knot space as the classifying space of the mapping class group of the knot complement. One then studies how such a mapping class group acts on the JSJ-tree of the knot complement as in [5] , using Hatcher's results on the homotopy type of diffeomorphism groups of Haken manifolds [17] to assemble an answer. Thus most of the results here are complementary to the results of Vassiliev, Goodwillie, Sinha, Volic and Lambrechts. Whitney [38] showed that the embedding space K n,j is connected for n > 2j + 1. By work of Wu [35] , K n,j is also connected provided both inequalities:
n > 2j, and j > 1 are satisfied. That K n,1 is also connected for n = 1 is elementary. The analogous result for n = 2 is the Alexander/Schoenflies theorem.
In case n ≤ 2j + 1, the space K n,j could potentially have many connected components. A primary example of this is the case K 3,1 which has countably infinite many components (this is for example, an elementary consequence of Reidemeister's theorem and the Alexander polynomial). Given f ∈ K n,j let K n,j (f ) denote the path-component of K n,j containing f .
This section collects information in the indexing of the components of K 3,1 which is given in terms of the Jaco-Shalen-Johannson (JSJ) decomposition of knot complements. Similar constructions have appeared in the works [5] and [10] . In the book by EisenbudNeumann [10] this method of indexing is called the splice decomposition of links.
The description given in [5] and [10] is expanded below to give a more complete treatment of the consequences of the JSJ-decomposition for knots in S 3 from the point of view of 'satellite operations. ' An alternative long knot space is the space EC(1, D n−1 ) of 'framed' long knots from [5] . Given a compact manifold M ,
is not homotopy equivalent to K n,1 but as described in [5] there is a fibration
which is trivial for n ∈ {1, 2, 3}. This allows us to think of K 3,1 as a subspace of EC(1, D 2 ). When we think of K 3,1 as a subspace of EC(1, D 2 ) we will use the notation K for the space of long knots in R 3 , as in [5] . This is the space of 'trivially framed' long knots in R 3 , which has the same homotopy type as K 3,1 . The spaces EC(1, D n−1 ) andK admit an action of the operad of little 2-cubes [5] . In addition, using the connectedness of K n,1 for n ≥ 4 together with the cubes action one can prove that EC(1, D n−1 ) has the homotopy type of a 2-fold loop space for n ≥ 4.
The previously described fibre bundle
whose fibre inclusion i :
is induced by the one-point compactification is explored more deeply in Section 5. For the purpose of this section and the study of the components of K 3,1 and Emb(S 1 , S 3 ) respectively we simply treat the above result as saying there is a canonical bijective correspondence between π 0 K 3,1 , π 0K and π 0 Emb(S 1 , S 3 ) thus we move freely between the models when discussing our notation to index components. Observe that if g is the p/q-cabling of a knot f then if q = 0, g is the unknot. If q = ±1 then g and f are either isotopic or inverses of each other. A p/q-cabling g = c p/q f is said to be non-trivial if one of the following is true:
that on the image of h i it is defined to be the function
• |p| ≥ 2, |q| ≥ 2 and f is the unknot. In this case g is a torus knot.
• |q| ≥ 2 and f is a non-trivial knot.
Proposition 2.6.
[6] For two non-trivial cable knots, K c p/q f1 = K c p ′ /q ′ f2 if and only if K f1 = K f2 and one of the following are true
where f i ∈K are non-trivial knots. If a knot is not a connected-sum, and not the unknot, then we call it prime. 
Schubert's result also follows from basic results on the JSJ-decomposition of the knot complement (see for example [5] ).
A connect-sum of two prime knots Definition 2.9. Given g 0 ∈K, an embedding g :
is the re-embedding function.
This operation is a special case of what Eisenbud and Neumann call splicing in their book [10] .
and only if:
•g andg ′ have isotopic images where the isotopy is required to send the g 0 component to the g ′ 0 component, preserving the orientations of those components.
• Let σ i be the permutation of {1, 2, · · · , n} so that the above isotopy sends g i to g ′ σ(i) , and let ǫ i ∈ {0, 1} describe whether or not the isotopy preserves or reverses the orientation of 
The purpose of Propositions 2.6 2.8 and 2.10 is that it gives a canonical description of of π 0 K 3,1 . A non-trivial knot is either a cable, a connect-sum or a hyperbolic satellite knot [5] , and these three classes of knots are disjoint. Thus the above three propositions give a bijective correspondence between π 0 K 3,1 and certain finite rooted trees (JSJ-trees) decorated by various Seifert and hyperbolic links in S 3 , as described above.
3. The homotopy type of K 3,1
A detailed description of the homotopy type of K 3,1 is given in this section. This description is given in terms of the satellite decomposition of knots as described in Section 2.
As mentioned in the previous section, the spaces EC(1, D n ) admit an action of the operad of little 2-cubes, moreover the subspaceK ⊂ EC(1, D
2 ) also admits an action of the 2-cubes operad.K is homotopy equivalent to K 3,1 , thus there is a homotopy equivalence
We list the current understanding of the homotopy type of K 3,1 .
• If f is the unknot then K 3,1 (f ) is contractible by work of Hatcher [18] .
• If f is a p/q-cabling of g then by work of Hatcher [18] , there is a homotopy equivalence
• If f = f 1 # · · · #f n where {f i : i ∈ {1, 2, · · · , n}} are the prime summands of f , then there is a homotopy equivalence
as described in [5] .
• If a knot f is obtained from knots {f i : i ∈ {1, 2, · · · , n}} by a hyperbolic satellite operation then there is a fibration
Moreover, this fibration can be non-trivial and there exists a finite-sheeted cover of (S 1 ) 2 so that the pull-back of the bundle
Proofs of these statements (will) appear in [17] , [18] , [5] , and [6] . The goal of [6] is to work out the monodromy of the above bundle in the hyperbolic satellite case and is currently incomplete. Since every knot is either trivial, a cable, a hyperbolic satellite or a connected-sum of 2 or more knots, the above gives a description of K 3,1 up to a finite-sheeted cover. 
Proof. A case-by-case proof is given next.
(1) If the long knot f is a p/q-cabling of a (perhaps trivial) knot g then there is a homotopy equivalence
is the braid group on n strands. Since n ≥ 2, π 1 C 2 (n)/Σ n has a rank 1 abelianization, so take the composite
Since the fiber is connected, the map
Thus in all three cases, there is a surjection of the fundamental group K 3,1 (f ) to the integers.
The second statement in Corollary 1.5 follows from Lemma 3.1.
Actions on K 3,1
Consider the subgroup of SO(3) which preserves the x-axis {(x, 0, 0) ∈ R 3 } denoted here by O(2). Then O(2) acts on K 3,1 by conjugation. The purpose of this section is to describe the O(2)-action on K 3,1 for connected-sums and cable knots.
Fix once and for all an element N in O(2) − SO (2) . Observe that if A ∈ SO(2) then A(K 3,1 (f )) = K 3,1 (f ) since SO 2 is connected. However, N (K 3,1 (f )) could potentially be a different component of K 3,1 . This happens when the knot f is not invertible (or equivalently, 'not reversible'). Non-invertible knots were shown to exist by Trotter [31] . • By [6] , there is an SO(2)-equivariant homotopy equivalence
where the SO(2) action on
Proposition 4.2. (O(2)-action on a connected-sum)
• By [5] , if f = f 1 # · · · #f n where {f i : i ∈ {1, 2, · · · , n}} are the prime summands of f , then there is an SO(2)-equivariant homotopy equivalence
• The O(2) action on K 3,1 restricts to K 3,1 (f ) if and only if there is some involution σ ∈ S n so that
where A ∈ O(2) − SO(2) and A acts on C 2 (n) by mirror reflection about the y-axis, and acts as usual on the K 3,1 (f i ). As before, if A ∈ SO(2) then
These propositions are elementary consequences of the works [5] and [18] and appear in [6] . Since the precise homotopy type of a hyperbolic satellite knot it not known, little can be said about the O(2) action on these components. This issue will be addressed in [6] .
Relations among various spaces
The goal of this section is to compare the homotopy types of the spaces K n,1 and the space of smooth embeddings of S 1 in S n , Emb(S 1 , S n ). The space of pointed, smooth embeddings Emb * (S 1 , S n ) will be a useful auxiliary space.
Proposition 5.1. If n ≥ 3, there are morphisms of fibrations for which each vertical map is a homotopy equivalence:
Proof. Consider the maps Θ n : SO(n + 1) × K n,1 → Emb(S 1 , S n ) obtained from the natural SO(n + 1)-action on Emb(S 1 , S n ) together with the natural inclusion K n,1 → Emb(S 1 , S n ). Notice that the map Θ n is SO(n − 1)-equivariant, and thus there is an induced map Θ n : SO(n + 1)
Consider the natural fibrations
The first map is a fibration by the isotopy extension theorem. Indeed, Palais proved that in general 'restriction maps' are locally trivial fiber bundles [26] . The map Emb * (S 1 , S n ) → S n−1 is the composition of the restriction map Emb * (S 1 , S n ) → Emb * (U, S n ) with the homotopy equivalence Emb * (U, S n ) → S n−1 given by the derivative at * where U is some closed interval neighbourhood of * in S 1 . Thus there is a map of fibrations:
is thus a homotopy equivalence. Hence the map
is also a homotopy equivalence.
Notice that Proposition 5.1 provides a method for comparing the homology of Emb(S 1 , S n ) with the homology of K n,1 . Next, restrict attention to the special case given by n = 3.
Corollary 5.2. There is a homeomorphism
Furthermore, the bundle
where SO(2) acts on K 3,1 in the standard way.
There is a morphism of fibrations which is a fibrewise homotopy equivalence
Proof. Let A be a pointed space with map * (A, G) the space of pointed maps from A to a topological group G. Then the space of continuous functions map(A, G) is homeomorphic to a product G × map * (A, G) for any topological group. This homeomorphism specializes to a homeomorphism
The remainder of this corollary is given in Proposition 5.1.
Notice that Proposition 1.4 follows at once from 5.2, and 5.1. In addition, there is an an analogous decomposition for Emb(S 1 , S 7 ), but that will not be addressed. Observe that Proposition 5.1 immediately generalizes to a proposition about the embedding spaces Emb(S k , S n ). Let K n,k be the space of embeddings of R k in R n which agree with the standard inclusion (
outside of the unit ball. Let EC(k, D n−k ) be as in [5] . Thus there is a fibration
There is a commutative diagram of 6 fibrations: Proof. Consider the inclusion K n,k → Emb(S k , S n ) given by taking the 1-point compactification of an element in K n,k and identifying the one point compactification of R n with S n . Since SO(n + 1) acts on S n , SO(n + 1) there is a map
Thus there is a commuting diagram
The two vertical maps on the extreme ends of the diagram are homotopy equivalences by design, thus the center map is a homotopy equivalence by the 5-lemma. 6 . On the homology of C 2 (X ∐ { * })
The purpose of this section is to recall the homology of
for X not necessarily path-connected. These results will then be combined with Theorem 1.2 to obtain Theorem 1.3. The space X is assumed to be compactly generated, and weak Hausdorff as a topological space [9] ; the base-point { * } is non-degenerate by construction.
Formal constructions are given next for which F is a field, and all modules are assumed to be vector spaces over F. Let V denote a graded vector space which splits as a direct sum V = V + ⊕ V − for which V + consists of the elements concentrated in even degrees, and V − consists of the elements concentrated in odd degrees. Let
denote the "algebraic suspension" of V . That is σ(V ) is the module V with all degrees raised by one. In addition, σ n (V ) = σ(σ n−1 (V )).
The "algebraic desuspension" of V denoted
is defined by σ(σ −1 (V )) = V. Next consider the free Lie algebra
and, if F = Z/pZ, the free restricted Lie algebra over F = Z/pZ denoted
In this last case, consider the natural inclusion
is the free Lie algebra defined over the field F = Z/pZ). The definition of a restricted Lie algebra is given in Jacobson's book "Lie Algebras", and may be regarded as the module of primitive elements in the tensor algebra T [σ(V )] defined over the field F = Z/pZ.
Consider the symmetric algebra S[V ] defined as follows:
(
denotes an exterior algebra, and
an exterior algebra, and F[·] denotes a polynomial algebra. The homology of C 2 (X ∐ { * }) is described below in three distinct cases (1) F = Q, (2) F = Z/2Z, and (3) F = Z/pZ for an odd prime p. Consider the first case with F = Q. Let V = H * (X, Q), and form the symmetric algebra
. By [9] , there is an isomorphism of Hopf algebras
with co-product determined by that of H * (X; Q). The analogous theorem for F 2 = Z/2Z is given as follows. Let V = H * (X; F 2 ), and form the symmetric algebra
By [9] , there is an isomorphism of Hopf algebras
with co-product determined by that of H * (X; F 2 ). The role of the restriction in a restricted Lie algebra over F 2 is to create the Araki-Kudo-Dyer-Lashof operation, the operation which sends an element σ(v) to Q 1 (σ(v)). The result for odd primes p with F p = Z/pZ is given as follows. Let V = H * (X; F p ), and form the symmetric algebra
with coproduct determined by that of H * (X; F p ).
Assuming familiarity with the Araki-Kudo-Dyer-Lashof operations, some remarks are given next. The role of the restriction in a restricted Lie algebra over F p is to create the Araki-Kudo-Dyer-Lashof operation, an operation which sends an element σ(v) to Q p−1 (σ(v)) precisely in case σ(v) for which σ(v) is of odd degree in the case that p is an odd prime. The role of σ −2 W p [σ(V )] is the contribution of the first Bockstein of Q p−1 (σ(v)) in case σ(v) is of odd degree, and p is an odd prime.
On the homology of K 3,1
Recall the homotopy equivalence of Theorem 1.2,
Thus there are isomorphisms of Hopf algebras
These isomorphisms, given in terms of the homology of X K , are also filtered [9] with these filtrations specializing to an identification of the homology of each pathcomponent K 3,1 (f ). There is one ambiguity arising from the fact that the homology of the components corresponding to hyperbolic satellite operations is not given in a closed form. Furthermore, these isomorphisms indicate how the homology of K 3,1 is determined by the homology of X K , and are listed in detail in [9] .
More precisely, the homology of the space C 2 (X ∐ { * }) is filtered in [9] with the associated filtration quotients in homology given by H * (C 2 (n) × Σn (X) n ). This suffices. The homology of the components of knots arising from hyperbolic satellite operations is not given in a closed form here as described in section 3. Thus, the homology of X K has not been determined completely. Further information concerning the the homology of X K is given in section 9.
Thus the above isomorphisms give the homology of K 3,1 with field coefficients. The first, and second parts of Theorem 1.2 follow. The proof of Theorem 1.2 will be concluded in section 8 in which higher torsion is constructed.
Notice that the space C 2 (X ∐ { * }) is naturally a disjoint union of X with another space. Thus, there is a natural direct sum decomposition of graded vectors spaces
for a choice of graded vector space Γ(X; F) which is functor of H * (X; F). The construction Γ(X; F) is used in section 9 to describe the homology of the subspace of K 3,1 generated by torus knots, as well as the operations of connected sums, cablings, and the action of the little two-cubes.
The structure considered here on the homology of the space of long knots in R 3 also appears in several other contexts. In characteristic zero, the homology of the space of long knots also satisfies structures known as a Batalin-Vilkovisky algebra, or Gerstenhaber algebra, and appears within the context of vertex operator algebras, as well as some physically inspired mathematics. Thus the rational homology of the space of long knots in R 3 is a free Batalin-Vilkovisky algebra.
8. Higher p-torsion in the integer homology of K 3,1
One way in which higher order p-torsion in the homology of K 3,1 arises is summarized next. The way in which little cubes C 2 (n) are related to configuration spaces Conf (R 2 , n) is as follows. There are maps C 2 (n) → Conf (R 2 , n) which are both homotopy equivalences, and equivariant with respect to the action of the symmetric group Σ n [25] . Thus it suffices to exhibit higher torsion in the integer homology of Conf (R 2 , n) × Σn X n for certain choices of spaces X = K 3,1 (f ). Since the construction Conf (R 2 , n) × Σn X n occurs numerous times below, it is convenient to define
Given a prime long knot f , consider the path-component in K 3,1 with
where # L f denotes the connected-sum of L copies of the same knot f . Thus there are homotopy equivalences
First consider p-torsion of order exactly p obtained from the equivariant cohomology of Conf (R 2 , p) as constructed in [9] .
Example 8.3. The examples here arise by an iterated cabling construction as follows. Since the symbol "p" is used in two distinct ways in the examples below, the knot h denoted c p/q (f ) will also be denoted c α/β (f ), and thus
There is a homotopy equivalence
by section 3, and [18] . Next, consider an m-fold iterated cabling h m of f defined by
. Then there are homotopy equivalences
Assume that
for some abelian group A. Then the integer homology of
m has a summand denoted (ambiguously) by
Thus if m ≥ 1, there are elements of order p in both odd as well as even degrees in the integer homology of K 3,1 (h m )). If m is "large", then there are many elements of order exactly p which are of both odd, and even degree. This fussiness concerning parity of degrees has consequences for higher torsion in homology.
The above remarks give examples of long knots with torsion of order exactly p concentrated in odd degrees for the integer homology of their path-components. One choice of f is a p/q-torus knot. The next proposition shows that p-torsion of order exactly p in the homology of K 3,1 (g) gives rise higher p s -torsion in the homology of other components related components as follows.
Recall that Example 8.3 provides instances of prime knots f such that
for some abelian group A. Consider the long knot g given by the p s -fold connected
for which f i = f as used in the next Proposition.
Proposition 8.4. Let f denote a prime long knot such that
for some abelian group A.
Proof. Assume that the integer homology of K 3,1 (f ) has a non-trivial Z/pZ summand in degree 2t − 1 as guaranteed by example 8.3. Thus, in the mod-p reduction of the integer homology of K 3,1 (f ), there are classes x of degree 2t − 1, the mod-p reduction of a class of order p, as well as a class y in degree 2t which corresponds to the contribution forced by x in the "Tor" term in the classical universal coefficient Theorem. Since H 2t−1 (K 3,1 (f ); Z) has a Z/pZ-summand, there are elements in the mod-p homology of K 3,1 (f ) with (1) x in H 2t−1 (K 3,1 (f ); Z/pZ), (2) y in H 2t−1 (K 3,1 (f ); Z/pZ), and (3) the first Bockstein of y is x,
A classical computation of the Bockstein spectral sequence gives that the (s + 1)-st Bockstein is defined with β s+1 (y
s + I in case s ≥ 1 for which I denotes the indeterminacy of this operation. The Proposition follows as these classes survive in the Bockstein spectral sequence for C(R 2 , X K ∐ { * }).
Two concrete examples are listed next.
Example 8.5.
(1) Let f denote a non-trivial torus knot with
Then the long knot # p f = f # · · · #f satisfies the property that
for some abelian group A. (2) Cable # p f with a non-trivial α/β-torus knot, denoted c α/β (# p f ). There are homotopy equivalences
with the property that
has the property that
The third part of Theorem 1.3 follows, thus concluding the proof. Other ways in which higher torsion is created arises from properties of certain Lie elements in the Poisson algebra structure here. These Lie elements are analogous to the so-called Engel elements which are central to the solution of the restricted Burnside problem, and are given by
These same elements appear in work of J. C. Moore, and J. A. Neisendorfer as well as one of the current authors concerning higher torsion in the homotopy groups of mod-p m Moore spaces. However, this connection will not be addressed here in order to preserve some sanity of the authors.
9. On the subspace generated by torus knots
The purpose of this section is to describe the subspace T K 3,1 of K 3,1 generated by torus knots, as well as the operations of connected sums, cablings, and the action of the little two-cubes. An alternate description of the space T K 3,1 is that it consists of precisely those long knots whose complements have JSJ-decompositions containing only Seifert fibred manifolds.
First define the space
where f (p, q) denotes a p, q-torus knot. Thus K 3,1 (f (p, q)) has the homotopy type of S 1 . Consider the James construction
with T 0 = { * }, the base-point. Write
Spaces Y n are specified inductively in terms of J K as follows.
Notice that Y n is naturally a subspace of Y n+1 , and that all of these may be regarded as subspaces of K 3,1 in the following way: There are induced maps
induced by cabling.
Define
Notice that T K 3,1 is the subspace of K 3,1 which contains the path-components of p/qtorus knots, and which is closed under the operations of cabling, and sums. That is, there are induced maps K 3,1 × J(T ∐ { * }) → K 3,1 induced by cabling. There is an induced inclusion T K 3,1 → K 3,1 . The remainder of this section gives features of the homology of T K 3,1 . First notice that homology commutes with inductive co-limits, and so there are isomorphisms
Recall the construction Γ(X) as given in section 6. To describe the homology of Y n , restrict to field coefficients. F, and recall the natural splitting of graded vectors spaces
for a choice of graded vector space Γ(X; F) which is functor of H * (X; F) as listed in section 6. Thus H * (Y n+1 ) is given in terms of the construction Γ(X; F) in case X = Y n .
Notice that the homology of T K 3,1 exhibits a fractal-like behavior reflecting the geometry in Budney's theorem [5] , and iterations of the constructions Γ(X) as given in section 6. Namely, this homological behavior arises by first considering Y 1 = C 2 (J K ) together with the homology H * (C 2 (X ∐ { * }); F) as given in section 6 as follows where
if F = Z/pZ for odd primes p.
Steenrod-Thom representability of homology classes
Start with manifolds M which represent the mod-2 homology of the spaces K 3,1 (P) for prime knots P. Consider the manifolds obtained by taking (1) finite products of M with finite products of circles, (2) the wreath product construction S 1 × Z/2Z X 2 for X one of the manifolds listed in 1 above, and (3) finite iterations of the constructions in 1, and 2 above by taking finite products of wreath product constructions, wreath product constructions of the resulting manifolds, taking finite products again, and continue.
is given by the 2×2 matrix I 0 I 2κ n where µ : SO(2) × K 3,1 → K 3,1 is the SO(2)-action on K 3,1 and κ n :
Corollary 11.1. There is a short exact sequence
Example 11.2. Some examples of κ * .
• If f is a torus knot
is left multiplication, so the induced map on homology κ * :
and κ * can be identified with the wedge product x −→ x ∧ (w 1 + w 2 ) where Proof. If f is the unknot, the component of f has the homotopy type of V 4,2 = S 3 × S 2 which has no torsion in its homology. If f is non-trivial, then first consider its long knot component, K 3,1 (f ). This has a Z embedded in its its fundamental group, embedded as the 2π rotation around the long axis [15] . We call the embedding Z → π 1 K 3,1 (f ) the Gramain map. In [6] it's shown that there is a map K 3,1 (f ) → S 1 which when composted with the Gramain map is not null-homotopic. The proof is analogous to the proof of Lemma 3.1, only a little more involved as the maps constructed in the proof of Lemma 3.1 do not suffice.
This allows us to deduce that H 1 K 3,1 (f ) contains a copy of the integers, generated by the Gramain element. Thus since the image of κ 1 is generated by twice the gramain element, coker(2κ 1 ) must contain 2-torsion.
Problems
The purpose of this section is to list problems which arise naturally from the work above.
(1): The total homology of each path-component K 3,1 (f ) gives an invariant of the long knot f . The first homology group of each path-component of K 3,1 , or Emb(S 1 , S 3 ) distinguishes the unknot by 1.5. Neither the fundamental group nor the homology of K 3,1 (f ) is strong enough to distinguish all knots. For example, for all hyperbolic knots f , K 3,1 (f ) ≃ (S 1 ) 2 . Similarly, for all cables of torus knots g, K 3,1 (g) ≃ (S 1 ) 2 . Describe the equivalence relation on long knots given by f ∼ g if K 3,1 (f ) ≃ K 3,1 (g). This relation is some coarse 'complexity' invariant of the JSJ-tree of a knot complement and seems quite different than most traditional invariants of knots.
(2): A similar but cruder problem is to describe the knot types for which the total homology of the path-components are isomorphic.
(3): Which path components K 3,1 (f ) of prime knots f have torsion in their first homology group ? Do any of these have p-torsion in their first homology group for p an odd prime ? In some hyperbolic satellite cases, there is 2-torsion in the first homology group.
(4): Interpret the rational co-homology of K 3,1 in terms of iterated integrals in the sense of Kohno-Kontsevich-Chen. [19] , and the Lie algebra obtained from the descending central series for the fundamental groups of the spaces C 2 (n) × K 3,1 (f 1 ) × · · · × K 3,1 (f n ) as well as the induced invariants for C 2 (n) × Σ f (K 3,1 (f 1 ) × · · · × K 3,1 (f n )). Use these constructions to analyze the behavior of H * (K n,1 ). This problem approach is to consider the structure of each path component rather than trying to distinguish the components themselves.
(6): A natural connection between the space of long knots, and the mod-2 Steenrod algebra arises from the "group completion" of K 3,1 given ΩB (K 3,1 ) . Notice that the collapse map X K → { * } induces a map p : C(R 2 , X K ∐ { * }) → C(R 2 , S 0 ), and there is an induced map p : C(R 2 , X K ∐ { * }) → Z × BO induced by the regular representation bundle. Thus there are maps
with composite denoted φ : ΩB(K 3,1 ) → Z × BO. The Thom spectrum of φ is a wedge of Eilenberg-Mac Lane spectra HZ/2, and thus the mod-2 co-homology of the Thom spectrum M ΩB(K 3,1 ) is free over the mod-2 Steenrod algebra. Interpret the Steenrod operations in terms of knots. (7): The unknot component K 3,1 (f ) is contractible. A natural question to ask is, does some 'physical' potential function exist on K 3,1 having only one critical point in K 3,1 (f )? For an arbitrary knot f a finite-dimensional model-spaces for K 3,1 (f ) is given recursively by the work [6] . Can one find 'natural' potential functions on K 3,1 lacking critical points outside of these model spaces? Similarly, there are the analogous questions for Emb(S 1 , S 3 ). These questions were raised by Freedman, He and Wang [13] . A recent preprint of Abrams, Cantararella and Fu [1] shows that certain natural potential functions on Emb(S 1 , R n ) are minimized by geometric circles, thus giving some hope. If on the other hand, no such natural potential functions exist, one could hope for natural 'Morse' potential functions. In that case, the results of this paper and [6] could be used to predict the number and type of critical points.
